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■ Abstract. We investigate existence of KMS states of Fowler's Nica-Toeplitz algebra 

^SJ . JVT{X) associated to a compactly aligned product system X over a semigroup P of 

5^ ■ Hilbert bimodules in terms of restrictions to the core algebra which satisfy appropriate 

, ^ . scaling conditions. If (G, P) is a lattice ordered group and X is a product system of 

finite type over P satisfying certain coherence properties, we construct many KMS^ 
states of NT{X) associated to a scalar dynamics. Our results were motivated by, and 
generalize results of Laca and Raeburn obtained for the Toeplitz algebra of the affine 
semigroup over the natural numbers. 



o 



1. Introduction 



KMS/3 states for a quasi- free dynamics on the Toeplitz algebra associated to a right- 
Hilbert bimodule over a C*-algebra have been constructed in many contexts by different 
^ ■ authors. A unified approach that moreover greatly generalized earlier specific construc- 

! tions was obtained by Laca and Neshveyev in [12]. 

Recently C*-algebras associated with rings and exhibiting an interesting structure of 
lO ■ KMS states have been discovered. In [6J, Cuntz associated C*-algebras to the affine 

. semigroup over the natural numbers and to the ring of integers, and proved in both 

cases existence of a single KMS/j state at (inverse) temperature (3 = 1 for a natural 
^ \ dynamics. Cuntz's C*-algebra of the affine semigroup over the natural numbers is 

purely infinite and simple, and its reminiscence of a boundary construction prompted 
Laca and Raeburn to find a Toeplitz algebra T(N xi N^) of the affine semigroup over the 
k>( \ natural numbers with a much richer structure of KMS states for a natural dynamics, 

^ \ [H]. Laca and Raeburn proved that (Q x Q^, N xi N^) is a quasi-lattice ordered group 

^ • in the sense of Nica [T^, and using results on the associated Nica spectrum established 

that indeed is a boundary quotient of T(N x N^). 

Our goal in the present work is to initiate the study of KMS states of the Nica- 
Toeplitz algebra of a product system over a semigroup of Hilbert bimodules. Our 
motivation comes from the fact that Qn and several extensions of it were shown to 
be modeled as Cuntz-Pimsner and respectively Toeplitz-type C*-algebras associated to 
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product systems over the semigroup of Hilbert bimodules. In [3], the authors prove 
that T(N X N^) is the Nica-Toephtz algebra of a product system over N^, and identify 
subquotients Tadd and TmuU that descend onto Qn, both of which can also be described 
as Nica-Toeplitz algebras of product systems over of Hilbert bimodules. Moreover, 
Brownlowe, an Huef, Laca and Raeburn analyze KMS-states of the intermediary sub- 
quotients by using the original analysis from [H]. Both Tadd and Qn were realized by 
different methods in [9J as algebras associated to a product system, and in [21] the 
algebra Qn is shown to be associated to a product system. Since the product system 
structure of these algebras arises from fairly natural endomorphisms and corresponding 
transfer operators, it seems worthwhile to investigate the problem of whether KMS- 
states can be obtained systematically for C*-algebras associated to product systems 
over semigroups of Hilbert bimodules. 

An analysis of the KMS states of T(N xi N^) based on a crossed product approach 
was carried out in [13], and showed that the unique KMS/? state in the critical interval 
1 < /3 < 2 has type IIIi. The classification of KMS states for T(N x N^) was generalized 
by Cuntz, Deninger and Laca to Toeplitz-like C*-algebras associated to the ring of 
integers in a number field, [7J. 

Given a cancellative semigroup P with identity, a product system X over P of Hilbert 
bimodules over a C*-algebra A is a family of right-Hilbert A-A-bimodules Xg for s E P 
which forms a semigroup compatible with the Hilbert bimodule structure of the X^'s, 
and the Toeplitz algebra T{X) is universal for Toeplitz representations of the X<.'s 
which respect the semigroup multiplication, see Fowler When {G,P) is a quasi- 
lattice ordered group and X is a compactly aligned product system. Fowler showed 
that a quotient of T(X) which encodes the Nica-covariant representations of X is the 
appropriate object of study. We follow [3] and denote this quotient by NT{X) and refer 
to it as the Nica-Toeplitz algebra of X. 

In the case of a single right-Hilbert A-A-bimodule X, Laca and Neshveyev |I2| con- 
structed KMS^ states of T(X) for (3 G (0, oo) from certain traces of the coefficient 
algebra A by means of state extensions to the fixed point algebra associated to the 
canonical gauge-action which satisfy a scaling-type condition. Composition with the 
canonical conditional expectation then gives rise to a state of the Toeplitz algebra which 
fulfills the KMS/3 condition. 

The algebra MT{X) carries a coaction of G, and admits a conditional expectation 
onto its fixed-point algebra, or core, J-". We aim to follow Laca-Neshveyev and look 
for certain states of T in order to get KMS states of J\fT{X). For ground states, it 
is possible in great generality to identify a necessary and sufficient condition on states 
of J-" which correspond to ground states of AfT{X). However, for (3 G (0,oo), only 
a necessary condition may be obtained in the greatest generality. In either case, it is 
desirable to reduce the problem further and characterize KMS states in terms of states 
or tracial states of A. 

Since the guiding examples we have in mind are the algebras T(N x N^) and Tadd, 
both viewed as Nica-Toeplitz algebras of product systems over (Q^, N^), we will assume 
that {G, P) is a lattice-ordered group and that each bimodule Xg for s G P has a finite 
orthonormal basis as a right Hilbert A-module such that certain compatibility conditions 
which refiect the multiplication in the semigroup are satisfied; we call such X a product 
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system of finite type, see section 13.21 In this setting we identify a scaling condition on 
a tracial state of J-" which is sufficient for the composition of (p with the conditional 
expectation to produce a KMS^ state of MT{X), see Theorem 13.81 Since the scaling 
condition involves scaling by isometrics in N'T{X) (in the case at hand arising from 
the elements in the orthonormal bases for the Xg) this result is similar in spirit to [HI 
Theorem 12]. 

The next question we address is how to decide when a state of J-" is tracial and satisfies 
the scaling condition. Under some fairly natural hypotheses on the number of elements 
in the orthonormal bases, we show in Theorem 14.61 that a state of J-" which restricts to 
a tracial state on A and satisfies the scaling condition on elements of the image of A is 
a trace of J-". Under a further condition of convergence of a certain series in an interval 
(/9c, oo), we prove in Theorem 14.101 that for f3 > (3c every tracial state of A gives rise 
to a state of J-" that satisfies the hypotheses of Theorem 14. 6[ and hence gives rise to a 
KMS/3 state. If every KMS/j state satisfies a reconstruction-type formula in the spirit of 
the similar formula found by Laca an Raeburn in §10], then we can show that all 
KMS^ states arise by the recipe of Theorem 14.101 from traces of A. 

Our methods of construction of KMS states refiect the properties of the elements in 
the orthonormal bases for the bimodules, so we think they are very natural in this setup. 
They also explain the origin of some of the computations and resulting formulas from 
[Tl] upon viewing the C*-algebra r(N x N^) as a AfT{X), cf. [3]. 

The situation for ground states is easier, mirroring the similar case in [12] and [H]. 
The set of ground states is in affine bijection with the collection of states of A. We 
describe briefiy which ground states are KMSoo states. 

After a section of preliminaries, we start our analysis of KMS states in section |3l and 
here we first make some considerations valid for arbitrary compactly aligned product 
systems over quasi-lattice ordered pairs, after which we introduce product systems of 
finite type, see Definition 13. 5[ Theorem 13.81 identifies a scaling condition on tracial states 
of J-" which give rise to KMS/3 states. In section H] we prove the reduction of the scaling 
condition to traces of the image of A in J-', see Theorem 14. 6[ and in Theorem I4.1UI we 
construct KMS/3 states from tracial states on A and show surjectivity of this procedure 
in the presence of a reconstruction formula for KMS/3 states. In the last section we 
describe further properties of the core J-" and discuss very briefiy connections to the 
construction of a KMS/3 state for /3 G M in terms of states extended from a commutative 
subalgebra A of J-". 

We thank N. Stammeier for valuable comments after a careful reading of the paper. 

2. Preliminaries 

2.1. Product systems of Hilbert bimodules. Let A he a C*-algebra and X be a 
complex vector space with a right action of A. Suppose that there is an A- valued inner 
product (■, ■)a on X which is conjugate linear in the first variable and linear in the 
second variable, and satisfies 

(1) {^,r^)^={r^,0% 

(2) {^,va)A = {^,v)Aa, 

(3) (e, Oa > and (e, = ^ ^ = 0, 
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for ^,7] G X and a G A. Then X becomes a right Hilbert A-module when it is complete 
with respect to the norm given by ||,^|| := IK'CjOaII^ for C, E X. 

A hnear map T : X — )■ X is said to be adjointable if there is a map T* : X — )■ X such 
that (T^,C)a = {^,T*Qa for all ^,1] E X. The set C{X) of all adjointable operators on 
X endowed with the operator norm is a C*-algebra. The rank-one operator 6'^^^ defined 
on X as 

(2.1) %,(C) = e-(r?,C)A fore,r7,CeX, 

is adjointable and we have 9^,^ = 9^^^^. Then /C(X) = span {^^^^ \ $,,1] G X] is the ideal 
of (generalized) compact operators in C{X). 

li (fi : A C{X) is a *-homomorphism, then (p induces a left action of A on a right 
Hilbert A-module X given by a ■ ^ = 4>{a)^, for a E A and ^ G X. Then X becomes 
a right-Hilbert A-A-bimodule. The standard bimodule aAa is equipped with {a,h) a = 
a*b, and the right and left actions are simply given by right and left multiplication in 
A, respectively. 

For right-Hilbert A-A-bimodules X and Y, the (balanced) tensor product X Y 
becomes a right-Hilbert A-A-bimodule with the natural right action, the left action 
implemented by the homomorphism A 3 a (p{a) (8>a Iy G C{X ®a Y), and the 
y4-valued inner product given by 

(2.2) (^1 ®A Vi, 6 V2)a = ((6, 6)a ■ Vi, V2)a, 
for G X and r^j G F. 

Let P be a multiplicative semigroup with identity e and A a unital C*-algebra. For 
each p G P let Xp be a complex vector space. Then the disjoint union X := UpGP^^p 
a product system over P if the following conditions hold: 

(PI) For each p E P \ {e}, Xp is a right-Hilbert A-A-bimodule. 
(P2) Xg equals the standard bimodule aAa- 

(P3) X is a semigroup such that G Xpg for ^ G Xp and G X^, and for p, g G P\{e}, 
this product extends to an isomorphism F^''^ : Xp ® ^ Xg — )■ Xp^ of Hilbert A- A 
bimodules. If p or g equals e then the corresponding product in X is induced by 
the A-A bimodule structure on the fibers. 
Let Iq be the identity operator in C{Xg) for every q. The product system X is 
associative provided that 

(2.3) F't,r^ps,t j^) ^ ps,tr^j^ pt,r^ 

for all s,t, r G P, see e.g. pi] or 

Remark 2.1. For p E P, the multiplication on X induces maps P^'^ : Xp ^a X^ — )■ Xp 
and P'^'P : Xg ®a Xp Xp by multiphcation (g) a) = and P^'P(a ® = «^ 

for a E A and ^ G Xp. Note that P^'^ is automatically an isomorphism, but P^'^ may 
not be. The latter map is an isomorphism whenever ip{A)Xp = Xp, in which case Xp is 
called essential, see [8]. If A is unital and v^(l)^ = C, for all C, E Xp then Xp is essential. 

We denote by (■, ■)p the A-valued inner product on Xp, by pp the right action of A 
on Xp, and by (fp the homomorphism from A into £(Xp). Due to associativity of the 
multiplication on X, we have ippq{a){^ri) = {ipp{a)C,)ri for all ^ G Xp, G Xg, and a E A. 
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For each pair p,q E P\e, the isomorphism F^''^ : Xp ®^ Xg — )■ Xpg allows us to define 
a *-homomorphism i^'^ : C{Xp) — )■ C{Xpg) as 

(2.4) tP'i{S) = FP''^{S(S)Al,)iFPn*, 

for S G £(Xp). When p = e, the homomorphism if defined on C{A) = Ais given simply 
by if (a) = V5g(a) for a E A. Also, i^ = Ip for all p E P. 

Many interesting product systems arise over semigroups equipped with additional 
structures. In [T7], {G,P) is called a quasi-lattice ordered group if (i) G is a discrete 
group, (ii) P is a subsemigroup of G with Pf]P~^ = {e}, (iii) with respect to the order 
p ^ q p^^q G P, every two elements p,q E G which have a common upper bound in 
P have a least upper bound pM q E P. If this is the case we write pM q < oo, otherwise 
we write p V g = oo. 

Assuming X is a product system over P with (G, P) a quasi-lattice ordered group, 
there naturally arises a certain property related to compactness. A product system 
X = UpgpXp is called compactly aligned, [8], if for all p,q E P with p V g < oo and 
S E /C(Xp) and T E /C(Xq), we have 

(2.5) ^f^\S)^f^%T) E /C(Xpv,). 

2.2. G*-aIgebras associated to product systems. Let P be a semigroup with iden- 
tity, y4 be a unital G*-algebra, and X = UpgpXp be a product system of right-Hilbert 
A-A-bimodules over P. 

Let G be a G*-algebra. A mapping ip : X — y C is said to be a Toeplitz representation 
of X if the following conditions hold: 

(Tl) for each p E P \ {e}, ipp := ip \xp is linear, 

(T2) ipe : A — y G is a G*-homomorphism, 

(T3) V'p(0^g(^) = i>pqi^v) for ^ e Xp and ?7 G Xg, 

(T4) i/jpiO*Mv) = M{^.v)p) for e,^ e Xp. 

As shown in [19], for each p E P then there exists a corresponding *-homomorphism 
ijj^^ : /C(Xp) — y C such that 

(2.6) ^^"n%,.) = ^p(0^p(^)* , for e Xp. 

Assume {G,P) is a quasi-lattice ordered group and X is compactly aligned. In p], a 
Toeplitz representation ip oi X is said to be Nica covariant if 

/V^(P^«)(2f «(5)zf (T)), ifpVg<oo 
, otherwise 



(2.7) ij^P\S)ij^''\T) 



1< 



for S G /C(Xp), T G /C(Xg), and p,qEP. 

Definition 2.2. (jHlllllS]) Let (G, P) be a quasi-lattice ordered group and X a compactly 
aligned product system over P. The Nica- Toeplitz algebra N'T{X) is the G*-algebra 
generated by a universal Nica covariant Toeplitz representation ix of X. 

Fix a compactly aligned product system of right-Hilbert A-A-bimodules X over a 
semigroup P in a quasi-lattice ordered group (G,P). Let ix be the universal Nica 
covariant Toeplitz representation of X and denote by is the restriction of ix to Xg for 
s E P. Recall that AfT{X) is spanned by isiO'^riv)* for ^ ^ ^s,V ^ -^r, and there is a 
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gauge coaction 5 oi G such that 5{is{0) = isiO ® s, cl [H |22l g]. The core of Ur{X) 
is the C*-subalgebra J-" spanned by the monomials isiO'^'siv)* for ^,ri & Xg and s E P. 
Then 

(2.8) 7" = span{i(')(T) I s e P, T e /C(X,)}, 

see e.g. equation (3.4) in [4J. Let $^ be the conditional expectation from Afl~{X) onto 
J-" given by 

(2.9) $^(z,(Ov(r/)*) 



isiO-^sir])* a s = r 
otherwise 



for r,s E P. For a finite subset F of P which is V-closed, [U Lemma 3.6] says that 

BF = {J2t^'\Ts)\TselCiXs)} 



is a C*-subalgebra of J-", and we have J-" = Bp. We write Bg when F = {s}. 

2.3. The Fock representation and Nica covariance. Let X be a product system 
over P of right-Hilbert A-A-bimodules and let / : X — )■ C{F{X)) be the Fock represen- 
tation of X constructed in [HI page 340]. We use the notation of [23] to describe /: the 
restriction of / to X^ is given by hiOv = F'^'^{^ ®^ 77) if ^ G Xg and rj E Xr for s,r E P. 
The adjoint acts by 



'v>sM{v, C)s)C" if resP and C = F^'^"^'^(C ®a C"^ 
if r ^ sP. 



Let ^,rieXs for s G P. It follows that UOUvYC = if C G X,. with r ^ sP. If r G sP 
then we have 

UOUvTC = F-'^-'^-i^ ®A VsMiv, C)s)C") 
= F'''''^{eaC) ®aC") 

= P^'^"'^'(%. ®A/s-ir.)(C' ®A C") 

It was asserted in [221 §4] that when (G, P) is quasi-lattice ordered and X is compactly 
aligned, Fowler had proved that I is Nica covariant as in (12. 7p . However, although one can 
use [H Propositions 5.6 and 5.9] to deduce this claim, there is no such explicit result in [8]. 
It is an instructive exercise to see how the quasi-lattice ordered property of {G, P) almost 
imposes the condition on X that makes it compactly aligned, and consequently makes / 
Nica covariant as a representation into the C*-algebra £(P(X)). Indeed, let 6*^,,, G /C(Xs) 
and 9z^w ^ /C(Xr) for s,r G P. What can be said of the element Kg ,. := 1^^\6^^j^)1^'^\6zm) 
in £(P(X))? If C G Xq then Kg^^C = unless q G rP fl sP or, equivalently, s V r < 00 
and g G (s V r)P. Thus for C G X,vr we have Kg^rC = if'^(%,r,)if '■(^^,«;)C- Now, if 
^f''(%,r?)^f(^^,t«) = 0^,y for some x,y e X,vr, it follows that Kg^rC = l^'^^\Ox,y)C- By 
linearity and continuity, 

i(^)(%,)/M(^,,^) = /(^^^)(^r(^«,r,)^r(^.,-)) 
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whenever if^'^{di^,-q)if^'^{dz,w) ^ A^(-'^svr)- So if X is compactly aligned in Fowler's sense, 
i.e. if zf'^(^)if ^T) G /C(X,vr) whenever S G /C(X,) and T G /C(X,), then / is Nica 
covariant, i.e. 

(2.10) &\S)l^'\T) = /(^^^•)(zf'^(S)zf^(r)). 

Also when s V r = oo we have (12.101) because then both terms are 0. 
By the universal property of MT{X) there is a homomorphism 

(2.11) U:UT{X) ^ C{F{X)) 
such that h{im{,C)) = ^m(0 all m G P and ^ G X^. 

3. KMS STATES ON THE NiCA-TOEPLITZ ALGEBRA OF PRODUCT SYSTEMS 

KMS states on the Toeplitz algebra associated to a single bimodule were studied in 
many contexts, and a general unified approach was obtained in [12]. 

In the present paper we aim to analyze KMS states in the context of product systems 
of right-Hilbert bimodules. We begin by introducing a certain type of dynamics at, 
t G M, on the algebra N'T{X) for an arbitrary compactly aligned product system X 
over P in case (G, P) is a quasi-lattice ordered group in Nica's sense. Our construction 
is analogous to quasi-free dynamics on Cuntz-Pimsner algebras considered in [25] and 

m- 

Later we introduce a class of compactly aligned product systems of finite type over a 
lattice semigroup P and analyze KMS states corresponding to certain natural dynamics. 
The characterizations we obtain of the KMS/?, the KMSqo and the ground states in terms 
of certain states of the core J-" of MT{X) are very much in the spirit of Laca's work [TT] . 
see also [13]. In Laca's setting, the pair {G,S) is lattice-ordered, and the KMS/? states 
and the ground states of C xi„ S" for a natural dynamics were characterized in terms of 
certain states of C. 

3.1. The case of compactly aligned product systems over a quasi-lattice or- 
dered group. 

Proposition 3.1. Let {G,P) be a quasi-lattice ordered pair and X a compactly aligned 
product system over P of right-Hilbert A-A-bimodules. Assume that for each m E P 
there is a strongly continuous one-parameter group t — )■ Uj:™''' in C{Xm), t G M, such 
that U^^^ is unitary for all t, f/^™-* = and 

(3.1) f/^)(0„(a)O=0™(a)(^^^O, 

for all a E A, m E P , Xm, and t G M. //, in addition, the isomorphisms F"^'^ : 

Xm ®A Xr — Xmr Satisfy 

(3.2) F"^'" o {Ui""^ Ut^) = Ul""''^ o F""'"- 

for all m,r G P, then there is a one-parameter group of automorphisms t ^ at E 
kMi{J\fr{X)) such that 

(3.3) (Tt{ie{o)) = ie{a) and at{im{0) = ^m(f^f'"^0 
for all a E A, E Xm and m E P. 
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Proof. Roughly, (13 ■2p says that the one-parameter unitary group is compatible with the 

product system, and ensures that the one-parameter groups {U^^^}t(z]R^m£P combine to 
give a dynamics on N'T{X). To see this, we define a new representation oi X m 
MT{X) by z^i(a) = ie{a) for c G A and = im{ut^\) for ^ G X„ and m G P. 

Condition f l3.ip shows that {ilJi.ipm) is a Toeplitz representation of X^ for all m E P, 
and condition fl3.2p implies that il^mri^v) = i^miOi^riv) ^^i all ^ G X^, r] G Xr, m,r E P. 

We next prove that ip is Nica covariant, from which by applying the universal property 
ofMT{X) we deduce the existence of *-homomorphisms at, t G M, as postulated in (13.30 . 

Note first that V^™H%,r,) = i^"'HO^(r^)^^(,^)^) = i^'^^u'T^ O^^^u'f"-'^*) for all m G P and 
rank-one generalized compacts 9^ ri in ^{Xm). By continuity of all maps involved we 
therefore have 

(3.4) tl,^^\S) = i^'^\u'r^ SUt^*) 

for all S G lC{Xm) and me P. 

Let 5* G £(Xm) and T G >C(X„) for m,n E P. We aim to prove that 

(3.5) f/;'"''")(c^"(5)c^"(r) )[/;"''")* = z™^"(f/;'")5f/;'")*)c''"(f/i"^Tf/;"^*). 

For this it suffices to show that 

(3.6) [/i™^")^™^"(5) = z™^"(f/i'")5f/i™)*)f/i"^"\ 

Write n' = m~^{m V n). The left-hand side of (13.61) can be transformed as follows: 

= F™'"'(f/f) ®^ f/f ))(5 ®^ /„0(i^"'"')* {by O} 
= F'"'"'(f/i^"^5 ®A f/,("'))(F'"'"')* 

(3.7) = F™'"'(f/,(™)5f/i™)* ®^ /n')(f^i"^ ® f/f ))(F'"'"')*; 

now, inserting a factor (i?"^."')*(i?™-'"') after (f//™^5'f//™^* (g)^ /„'), grouping terms and 
using (13.20 once more shows that (13.70 equals i^^{ul^'' SU]:^''*)lj]:™'^^\ as claimed in 
(13. 6p . Taking adjoints in (13. 6p and replacing S* with T proves (13. 5p . Now, if S" G /C(Xm) 
and T G /C(X„), we have u'T^ SU'T^* G /C(X^) and U^^^TU^^* G /C(X„). Further, since 
X is compactly aligned, we also have i^^"(S')i^^"(T) G /C(Xmvn) as well as 



mVn J 



for my n < oo. Thus, still assuming mVn < oo, we use Nica covariance of ix to deduce 
that 

^M(^)^W(T) = ^(™)(f/(™)sf/i"^*)2(")(f/i"¥?7i"^*) by (I33D 
= z^"^^") (C (f^i"^ 5f/f )C^" (f/i"^Tf/i")* ) ) 
= z("^^")(f/i"^")(^:^^"(5)zr"(^))f^i"''"^*) by (I33D 
= V'^"''"HC''"('5)C''"(^)) by (E 



this and the fact that for m V n = oo we have i™'^"'(S')i™'^"(T) = prove the required 
Nica covariance of ip. Consequently, each at is a *-homomorphism satisfying (13. 3p . But 
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fl3.3p immediately implies that Uo = id and at+t' = o'tO't', and thus a : M — t- Aut{J\fT{X)) 
is the required one-parameter automorphism group. □ 

We next recall the notions of KMS/3 state, ground state and KMSqo state. Nowadays 
one often employs definitions of ground state and KMS/3-state which are different from, 
although of course equivalent to, the more classical ones in [2] and [18], and we refer to 
the discussion in the beginning of Section 7 in [14j for an explanatory presentation and 
comparison. 

Given a C*-algebra C and a homomorphism (a dynamics) cr : M — Aut(C), an 
element c G C is called analytic provided that t (Tt{c) extends to an entire function 
on C. The set of analytic elements is dense in C, see |T8l §8.12]. For /3 G (0, 00), a 
KMSp- state of (C, a) is a state a; of C which satisfies the KMS^ condition 

(3.8) uj{cd) = ijj{daii3{c)) 

for all c, d analytic in C. It is known that it suffices to have (13. 8 p satisfied for a subset 
of analytic elements of C which spans a dense subspace of C, [2, Proposition 8.12.3]. A 
state w of C is a ground state of (C, cr) if for every c, d analytic in C, the entire function 
z ijj{c(Tz{d)) is bounded on the upper-half plane. Again, it is known that it suffices 
to have boundedness for a set of elements which spans a dense subspace of the analytic 
elements. More recently, the notion of KMSoo-state was coined down in |S] and refers 
to states which are, by definition, weak*-limits of KMS/3-states as /3 runs over a net 
Pi -> 00. 

Fix a quasi-lattice ordered group (G, P) and a compactly aligned product system X 
over P. Suppose that N : G ^ {0, 00) is a multiplicative homomorphism. For every 
r & P and t G M define U^^^C, = iV(r)**^ in C{Xr). Since N is multiplicative, the family 
Uf^^ for r ^ P, t ^ M. satisfies the conditions of Proposition 13.11 Hence there is a 
dynamics on MT{X) such that 

(3.9) (^e(a)) = ^e(a) and af (v(0) = N{r)%{0 

for all a G A, ^ G Xr, r G P. A routine proof of the following lemma is omitted. 

Lemma 3.2. The spanning elements is{0^r{v)* of MT{X) are a'^ -analytic, for all 
^ G Xg, rj E Xr and s,r E P. 

We aim to establish analogues of [Hi Theorem 12]. As we shall see, the degree of 
sharpness of the results in our case depends on assumptions on the product system X, 
so we separate the characterizations of KMS/3 states, ground states, and KMSoo states. 

In one direction, for an arbitrary AfT^X), a dynamics where N is an injective 
homomorphism, and for every < /3 < 00, KMS/3 states are lifted from tracial states of 
J-" with a scaling property, as shown in the next result. The non-trivial converse will be 
proved in Theorem 13.81 under additional hypotheses on X. 

Proposition 3.3. Let {G,P) be a quasi-lattice ordered group and X a compactly aligned 
product system over P. Let he the dynamics on MT{X) arising from an injective 
homomorphism N : G ^ (0,oo). Let < /3 < 00. If u is a KMSp state of N'T{X), 
then oj factors through to give a tracial state (p on that satisfies the scaling identity 

(3.10) <P{^s{^)y^rW) = 5,,rNis)-^<P{y{r], Os) 
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for all ^ G Xg, rj G Xj., s,r E P and y ^ T . 

Proof. Since all elements of the core J-" are fixed by cr^, it follows that the restriction of 
w to J-" is a trace, |2]. 

Now let isiO'^'rivY be a spanning element of MT{X) with e X^, rj G X^, r,s E P, 
and note that by twice applying the KMS^ condition we get 

Since N is injective, u{is{^)ir{v)*) = unless s = r. In other words, u factors through 
$■5 to give a trace on J-" such that (j) o = u. That satisfies the scaling identity 
(I3.10p is immediate from the KMS/3 condition. □ 

We next characterize ground states. 

Theorem 3.4. Let {G, P) be a quasi-lattice ordered group and X a compactly aligned 
product system over P. Let he the dynamics on MT{X) arising from a homomor- 
phism N : G ^ {0, oo) such that N{r) > 1 for r E P with equality only when r = e. 
Then k-)- o is an affine isomorphism from the states of J-" such that 0|b^ = for 
all s E P \ {e} onto the ground states of MT{X). 

Proof. Let be a state of J-" which is zero on Bg for s > e. Set u := o Let y 
be arbitrary and y' = an analytic element in N'T{X). We must show that 

the function F{z) := ou{ya^ {y')) is bounded on the upper-half plane. Since F{z) = 
N{sr~^)"oj{yy'), this function is bounded on the upper-half plane in case r = e because 
N{s) > 1. If r > e, an application of the Cauchy-Schwarz inequality (where we let 
yi = yisiO) gives 

Hyy')\<uj{y,yiy/M^rmivn^'. 
Since ir{i])ir{i])* ^ Br, the assumption on implies that uj{yy'), and hence F{z) vanish, 
proving the requested boundedness. 

Conversely, if w is a ground state of AfT{X), then boundedness on the upper-half 
plane of the function z h-)> uj{ya^ [y')) for arbitrary y and y' = ir{v)* with r > e forces 
oj{yy') to be 0. Hence u vanishes on B^- for any r > e, as claimed. 

The correspondence o is an affine map by the same argument as in the proof 
of dH Theorem 12]. □ 

3.2. Product systems of finite type. Throughout this section, A is a unital G*- 
algebra and (G, P) denotes a lattice group as in [TT], Definition 1]. Thus P is an abelian 
cancellative semigroup with identity e,G = PP~^ is the Groethendieck enveloping group 
of P, and we assume P fl P~^ = {e} and further that every pair of elements s,r E G 
has a (unique) least common upper bound s V r G G with respect to the partial order 
g < h -^^^ g~^h G P. Note that for s, r G P, the element (s V r)~^sr is their greatest 
lower bound; we denote it s Ar. The properties of s V r and s A r that are relevant to 
our analysis are contained in [TTl Lemma 2]. 

Definition 3.5. Let {G, P) be a lattice group. Let X be a product system over P of 
right-Hilbert A-A-bimodules. We say that X is of finite type if for every s G P there 
are Ng EN and elements {Iq, . . . , G Xg such that: 

(1) X, = l^f^-^ fs{a,)l-^ : a, G A, J = 0, . . . , iV, - l}, 
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(2) X, = |e7=o ' PsiPM] : G A, J = 0, . . . , iV, - l}, 

(3) (1^^ 1^), = 5,, for s G P, J, A; G {0, . . . , iV, - 1}, and 

(4) for every s,r E P there is a map 

m,,, : {0, . . . , AT, - 1} X {0, . . . , AT, - 1} ^ {0, . . . , AT^, - 1} 
such that 

(3.11) ^^^''^(1 ■ ®A ID = 

for J G {0, . . . , - 1} and A; G {0, . . . , N,. - 1}. 

For i G {0, . . . , A^s — 1}, k G {0, . . . , A^^ — 1} we often write j ■ k for the element xns,r{j, k) 
in {0,...,Ar,,-l}. 

In case there is Z & A such that 1| = ips{Z^)lQ for all j G {0, . . . , A^s — 1} and all 
s G P, we say that X is singly generated. We then write 1^ := Ig. 

Conditions (2) and (3) say that the right Hilbert A-module Xg has an orthonormal 
basis {1q,...,1^^_^}, condition (1) then expresses the fact that this basis also generates 
Xg as a left A- module, and (4) says that these bases for the modules X^, s G P, are 
coherent with respect to the multiplication in the product system. We note that the 
tensor product of the orthonormal bases {l^}j=o,...,Afs-i for Xg and {lfc}fc=o,...,Af,.-i for 
Xr will be an orthonormal basis for Xg X^ when X^. is essential, see [161 Proof of 
Proposition 4.2]. Thus, if Xr are essential for all r E P, the maps xng^r are bijective for 
all r,s e P. 

Conditions (2) and (3) in Definition 13.51 imply that each ^ G has a unique repre- 
sentation, known as the reconstruction formula, given by 

Ns-l 
j=0 

Note that when X is a product system of finite type, {6*11,11 : j = 0, . . . , Ng — 1} 
is a family of mutually orthogonal self-adjoint projections in ]C{Xg) for every s G P. 
Equation (13.121) implies that 

Ns-l 

(3.13) Ig := ^ Ofs^ts 

j=0 

for every s G P. Hence Ig G }C{Xg) for every s G P, so C{Xg) = }C{Xg), showing that 
the left action is by compact operators in every fibre. By [8, Proposition 5.8], a product 
system X of finite type is therefore compactly aligned. 

Example 3.6. Let X be the product system over with fibers isomorphic to the 
Toeplitz algebra T from [3^, §6]. The right action is implemented by an action /3 : — 
End(T), and the inner products are defined via an action of transfer operators K for /3. 
One can verify that X is associative. By [3l Proposition 6.3], X is of finite type with 
Nm = tTL for m G N^. In fact, X is even singly generated, where Z = S is the generating 
non-unitary isometry in T. 
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Example 3.7. Let X be the product system over with fibers isomorphic to C{T) 
from [31 §5] and [9J. The right action in each X„ = C(T) is implemented by the 
endomorphism an{f) '■ z ^ /(-z") of C(T) for n G N^. The inner product is given 
by {f,g)n = Ln{f*g) for the transfer operator naturally associated with A routine 
calculation shows that X is associative. That X is singly generated, with Z the identity 
function on T, follows from [3] (see the proof of Theorem 5.2 therein) or [9]. 

The following result is the promised converse to Proposition 13.31 

Theorem 3.8. Let {G, P) be a lattice group and X a compactly aligned product system 
of finite type over P. Let he the dynamics on MT{X) arising from an injective 
homomorphism N : G ^ {0, oo). Let < /3 < oo. 
If (f) is a tracial state of T such that 

(3.14) 0(2,(ipy^,(l[)*) = 6s,rSj,iN{s)-^^{y) 

for all y & F , s,r E P and j,l E {0, . . . , A^^ — 1}; then u := (p o is a KMSp state of 

Afr{x). 

Proof. Let be a tracial state on satisfying the scaling identity fl3.14p . Let u = 
o It suffices to verify the KMS/j condition for u on analytic elements yi = 
isi^s{a)tt)ir{^r{b)tl)* and y2 = ig{ipg{a')Vjihi'fh{b')tt)* from the spanning set of 
J\fT{X), where I, k = 0, . . . , Ng — 1 and n,m = 0, . . . , Nr — I. We must prove that 

(3.15) oo{y,y2) = N{sr-Y^oo{y2yi). 

By [HI Proposition 5.10], the element ir{(pr{b)ll.)*ig{ipg{a')l^) can be approximated from 
the span of elements of the form V-i(rvg)(0^3-i{fV5)(^)*? so the definition of in 
fl2.9p implies that u{yiy2) = unless sr~^{r V g){g~^{r V g)h)^^ = e, or equivalently, 
unless sr~^gh~^ = e in G. 

Thus we assume sg = rh, and we therefore have yiy2 G J-". The scaling identity 03.141) 
implies that 

(3.16) N{r)-''u{y^y2)S,^, = ^{^r{^^y^y2^r{^r)■ 
Next use property (1) in Definition 13.51 to write 

Nr-l Nr-1 

v(l[)ie(a) = ^ ir{^pria^)ll) = ^ ieia^)iriK) and 



u=0 u=0 

Nr-l Nr-l 



v(ipz,(6') = ^r{MKK) = E 'eibMK 



Then the term under (p in the right-hand side of (13.161) is a product of 

Nr-l 

(3.17) v(ini/i = Yl ua.)ur;,)ir{ii)x{br 



u=0 

and 



(3.18) ?/2V(l •)* = ^eia')^g{n) > ^e{b,)^rdr; 




I rh 
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Fix a = 0, . . . ,Ns - 1. Inserting = (1^,1^)^ = 1 between yi and 1/2 

and using the fact that rh = sg we conclude that )2/il/2V(lp* can be spht as the 
product of two terms in J^, one belonging to Brs and the other to Bgg. Applying the 
trace property of on and the scaling identity (13 .14^ with 1^ shows, via (13.171) and 
(I3.18p . that the right-hand side of (13.161) is equal to 
(3.19) 

/ /Nr-l \ * /Nr-1 \ 

N{sr'<P l^U^'Wn) (^E [Y. 'eMrs{r;,)j V(lD*^e(6)* 

Now we compute the middle product of linear combinations in X^h and X^s under 0. 
We have 

^Nr-l \ * /Nr-l 

ti=0 J \ u=0 

'Nr-l \ * /Nr~l 

E UbMr^^h{^t) E U<^MKMit) 

fi=0 / \ u=0 

/Nr-l \ * /Nr-l \ 

\ M=0 / \ u=0 J 

= z.(i:^)*(v(ip^,(6'))%(l[)^e(a)^.(in 

(3.20) = z,(i::,)%(6')%(i •)%(in^e(a)2.(in- 

By combining ^M) with dS^OD we get 0(v(l[)|/i|/2V(lp*) = N{s)-P (t){y2ie{{^, l[)r)2/i). 
Hence (I3.16P becomes N{r)~^uj{iiiy2)5ij = A^(s)~^0(y2^e((ip li)r)2/i)- Thus both terms 
are when i j, and with i = j we have 

co{yiy2) = N{r)^^{^r{l:)y^y2^r{^^*) = N{sr-Y^co{y2yi), 

which is exactly claim (13.151) . This finishes the proof of the theorem. □ 

Since the trace property is preserved under weak*-limits we obtain the following nec- 
essary condition on a ground state to be a KMSqo state. 

Corollary 3.9. Assume the hypotheses of Theorem \3.S\ and suppose N{s) > 1 for 
s > e. If u is a KMSoo state of N'T{X), then u restricts to a tracial state of J-". 



4. From traces on A to KMS^ states on J\fT{X) 

It would be helpful to simplify the characterization of KMS^ states on MT{X) given 
by the requirements in Theorem 13.81 In this section we begin by improving this charac- 
terization in two steps: first, under the assumption that all maps m^^r are injective, we 
push the scaling condition (I3.14p down to a scaling on elements in ie{A) = from 
and second, under further conditions on the m^^r we shall relax the requirement that </> 
must be a tracial state of J-" to just asking for it to hold on B^.. The second part of the 
section contains our constructions of ground states and KMS/3 states above a certain 
value of /3 from states on A. 
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4.1. A simplification of the scaling condition for KMS^ states. 

Lemma 4.1. Let X be a compactly aligned product system over P with the coefficient 
algebra A. Let u be a state on MT'{X) and cf) be its restriction to the core subalgebra T . 

(a) If UJ is a KMSp state (f3 > 0) for the dynamics arising from an injective 
homomorphism N as in liS. 9\) . then for C, & Xs, rj ^ Xr for some s,r E P we have 

(4.1) uizsmW) = Ss,rN{sr^u;{z,{{r], Os))- 

Thus the restriction map u ^ u \i^(A) from the KMSp states on MT{X) to traces on 
ie{A) is injective. 

(b) In addition, assume that X is of finite type and mr^s is injective for all s,r E P. 
Then u is a KMSp state (/3 > 0) for the dynamics if and only if (p is a tracial state 
on T such that uj = (po^^ and 

(4.2) 4>{iX\])i,{a)%s{\]r) = iV(s)-^0(2e(a)) 
for all s e P, j = 0, . . . ,Ns - I, a e A. 

Proof, (a) Equality fl4.ip follows immediately from Proposition 13. 3[ It shows that a 
KMS^ state is uniquely determined by its values on the coefficient algebra A. 

(b) Assume is a tracial state on J-' which satisfies (14.21) . We will show that satisfies 
(13.141) for all y E J^. First, for s E P , i, m E {0, . . . , Ng — 1} and y E we have 

<p{ts{rMrj*) = <p{^s{rJ^s{rJX{lt)y^s{rJ*) = o 

if 2 7^ m, by condition (3) of Definition 13.51 Thus for y = v(lpie(a)(v(l^)«e(^))* in J^, 
where j, k E {0, . . . , Nr — 1} and a,b E A, we have 

0(2.(lDy^s(i:.)*) = 5.,r„0(*.(inv(iP^e(a6*)(^.(lDv(lD)*) 

= 5,,^0(^,,(irp^e(a&*)w(l|.;)*) 
= 6,,mS^.,,^.kNisr)-^(|){^,{ab*)) by 

= Si^rnSj,kN{sr)~^(f){ie{ab*)) by injectivity of mg^r 

= 5.,^A(s)-^0(z,(ipze(a6*)^,(l^J*) by g^D; 

the last term is 5i^mN{s)~^ (piy), which proves (I3.14p for all such y. Since an arbitrary 
spanning element y in J-" is a linear combination of elements Zr.(lpZe(a)(v(l^)ze(&))* by 
Definition 13.5( 2). the scaling condition (13.141) is valid for all y E T . Theorem 13.81 implies 
therefore that a; is a KMS/3 state. 

The reverse implication is an immediate consequence of Theorem 13.81 □ 

Lemma 4.2. Let X be of finite type and let (p be a functional on N'T{X). If ip satifies 

(4.3) 0(ze(c)z.(ip^.(lD%(rf)*) = A(.)-^0(z,((^,(d)l^, ^.(c)ip)) 
for all c,d E A, s E P and j, k E {0, . . . , — 1} , then satisfies 

(4.4) <p{tg{r^)t,{a)ts{ltr) = 6,,iN{s)-^<p{t,{a)) 

for all s E P , j,l = 0, . . . , Ng — 1 and a E A. 

Conversely, if (p satisfies (14. 4p and (poi^ is a trace on A, then cp satisfies (14. 3p . 
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Proof. Assume (14. 3p . For a E A, s E P and j,l = 0, . . . , Ng — 1, write ps{a)lj = 
E£oVs(a.)l^ Then 

h 

= iV(.)-^0(ze((lf,p.(a)ip)) 
= 6,,iN{s)-^<j){t,{a)), 

as claimed in f l4.4p . 

If restricts to a trace on ie{A) and satisfies fl4.4p . let y = is{ips{c)Vj)is{fs{d)^k)* ^ 
and express 

h=0 i=0 

Tlien0(y) = EHEj{^KMc'h{dd*Mttr) = N{s)'^ En^K^HUc'ddd*)) , ^ = 
N {s)~l^ (j){J2hi'''eiid'fJ* c'fj)) because o Zg is a trace. This last term is, by the choice of 
c'f, and 4, equal to N{s)-^(P{z,{{^s{d)ll, </^s(c)lp)), giving gj]). □ 

Remark 4.3. Under the hypothesis of part (b) of Lemma [4. the condition 

<j>{ze{a)zsm)zs{tl)%{b*)) = N{sr^<f>{z,{{ll,ips{b*a)^)) 

for all s E P, j,k E {0, . . . , Ng — 1}, a,b E A, is similar to [HI equation (8.2)] in the 
case of the product system over from Example 13. 6[ 

Given a tracial state on ie{A) satisfying the scaling identity (14.40 . formula (14.10 may 
be used to extend it to a state on AfT{X). The question remains if such a state is 
tracial on J-". We examine this issue next. We thank N. Stammeier for indicating to us 
a problem in the formulation of the next definition in an earlier version of the paper. 

Definition 4.4. Let X be an associative product system of finite type over P. The 
functions xxis^r respect co-prime pairs if the following condition holds: for all p,q E P 
such that p A g = e, all j, g,h E {0, . . . , A'p — 1} and all/, m, n G {0, . . . ,Ng — l} we have 

(4.5) mp,g(j, m) = mg,p(/, g) and mp,g(j, n) = mg,p(/, h) ^ m = n and g = h. 

Remark 4.5. For the product systems from Examples 13.61 and 13 . 71 the maps vUg^r respect 
co-prime pairs in the sense of (14.50 . We only show this in the case of Example 13.61 
because the argument is similar for the second example. We have P = and = ttl 
for m E N^. Suppose that p,q are co-prime integers. Since the multiplication of 
Xp with Xq is implemented by applying the endomorphism that raises the generating 
isometry 5* to the power p, it follows that 1^^^ = 1^+^^ for all j E {0, . . . ,p — 1} and 
k E {0, — 1}. Assume rrip,q(j, m) = mq^p{l,g) and mp^q{j,n) = rrig_p(Z, /i), where 
J) g-ih E {0, . . . ,p — 1} and l,m,n E {0, . . . ,q — 1}. Then j — I = qh — pn = qg — pm, 
and therefore q{h — g) = p{n — m). Then necessarily h = g and = m, as required. 

Theorem 4.6. Let X be an associative product system of finite type over P such that 
m-s^r ore bijective for all s,r E P and respect co-prime pairs. 

If (j) is a state of T such that a trace such that for some < P < oo we have 

(4.6) 0(z,(ipze(a)^.(in*) = 5,vAr(s)-^0(ze(a)) 
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for all a E A, s E P , j,l = 0, . . . , Ng — 1, then (p is a trace on T . In 'particular, 0$^ 
IS a KMSp-state ofMT{X). 

The proof of this theorem will rely on some preparation. First we introduce some 
notation. For s, r in P, if rcig^r is bijective, then every A; = 0, . . . , Ngj, — 1 has a unique 
decomposition k = k{s) ■ k{r) in {0, . . . , A^^ — 1} x {0, . . . , A^^ — 1}, and we must have 

Nsr = NsNr for all s,r e P. 

For s, r in P let 

s' = r^'^(s V r) and r' = V r), 

and note then that s V r = sr' = rs' as well as {s Ar)s' = s and (s A r)r' = r, with s Ar 
denoting the least upper bound of s and r. 

As noticed in [9], if the product system X is such that Ig G IC{Xs) for all s G P, 
then [HI Proposition 5.10] proves the stronger statement that every product of the form 
in J\fl~{X) is a linear combination (rather than a limit of linear combinations) 
of elements of the form «e(o)^s-i(svr)(C')v-i(svr)(V)*^e(^) for appropriate a,b G A and 
^' G Xs-i(^s\/r), v' ^ Xr~i[svr)- The ucxt results makes this decomposition explicit in the 
case of X of finite type with bijective maps counting the elements in the bases. 

Lemma 4.7. Let X be a product system of finite type over P such that m.s^r is bijective, 
for all s,r & P. For any ^ G and f] G Xr, where s,r ^ P, we have 

(4.7) z.(0*v(r])= Yl ^e((e,l|(.))s)v(l[(;o)v(l.t'))*^^((^'l^V))'-)*- 

Proof. Writing is(0*v(^) = '^s(0*^^''^''H-^svr)*r(^), and using fl3.13p and the properties 
of the multiplication in X gives (14. 7p . □ 

Proof of Theorem \4.6\ Let be a state of J-" such that o is a tracial state and 
(14. 6 p is satisfied. Let yi = is{lj)ie{ab*)is{tl)* and 2/2 = v(lm)^e(c(i*)v(lli)* be span- 
ning elements in J-", where a, b,c,d & A, s,r ^ P, j, k G {0, . . . , Ng — 1} and m,n & 
{0, . . . ,Nr — 1}. To prove that is a trace on J-", it suffices to show that 

(4.8) Hvm) = 0(l/2l/i). 
Using (14. 7p . we have 

tg{pg{ba*)tl)Xipricd*)rj 

= J2 ^e((Ps(&a*)l^,l,^(,)),)v(l[(V))v(l^.o)*^e((p.(crf*)lL, 

1=0 

NsVr-1 

= J2 ^e(a6*(l^,l^(,)).)v(l[(;o)v(l.t'))*^^(^c*(l-'l^V))^)* 

= 2e(a6*)v(l^',)v(l^')%(^^c*)* by Definition 

where k' is the unique element in {0,...,Nr' — 1} and m' the unique element in 
{0, . . . , Ns> — 1} such that k ■ k' = m ■ m' in {0, . . . , X^vr — 1}- It follows that 

ym = tsir,Mab*)tritt)^AtirUdcrMK)r- 
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Now invoke Definition 13.5( 2) to write 

h=0 

and 

i=0 

Then by regrouping terms in yiy2 we have 

h=0 i=0 

= N{s V r)-^ E E Srh,n.HUehfn) by W 

h=0 i=0 

(4.9) =iV(sVr)-^0(z,((r,>,,(a6*)r;),,(l^„¥,,,M*)lf),O), 

where h G {0, . . . , A^^,' ~ ^} and i G {0, . . . , Ngi — 1} are uniquely determined such that 
ms,r'{j, h) = mr,s'{n,i) in {0, . . . , A^wr - !}• 

On the other hand, we can also invoke Definition 13.5( 1) to write 

Ns-l Nr-1 

Ps{ab*)l^^ = E Vs{n,)ll and Pr{dc*)K = E Vr{w,)ll. 

9=0 h=0 

Hence ?/i?/2 = Eg Zl/i ^e(Mg)^wr(l^^A;'')^wr(l w)*«e(w^ft)*. Siucc 0o2g is a tracc, satisfies 
fOl) . and so 

0(1/11/2) = EE^(^ vr)-^0(^,((y,,vr.(«^.)n^,,¥^sv.(«.)i^^;;))) 

(4.10) = iV(s V r)-^0(^e((F^'^'(i:; ®A <^y(rfc*)i:;,), F^''^'(l,^ ®a ifAab*)!-^,)))). 

Writing = F^^-'^'(l^^(^;^^) ® 1^^;^,)) and 1^ = ^^^'^''■'(1^^;^^) ® i;'(^,)), using the associa- 
tivity to decompose 

and using the definition of the inner product in Xg'r' = Xr>s', the term under in (14.101) 
is 

0(^,((F^'^'(i; ®^ Mdc*)li,), F^'^r^ ®, ^,,(a6*)n',)))) 

Thus Definition 13.5( 3) implies that 0(1/11/2) = unless the equality n{s A r) = j(s A r) 

holds, in which case 

(4.11) 

0(1/11/2) = iV(s V r)-^0(z,((F^''^'(i;;;,) ® ^..(rfc*)l^,), ^^'■'^'(l.V) ® ^.'(a6*)l^:)))). 
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Similarly, if we let n',g E {0, . . . , Ng' — 1} and j', Z G {0, . . . , A^^' — 1} be the uniquely 
determined elements such that n ■ n' = j ■ j' and m ■ g = k ■ I in {0, . . . , A^svr ~ 1}? then 
by employing Definition 13.5( 2) we have 

0(^2^1) = Ar(sVr)-^0(2,((l^>,,M*)i::),,(l^<,VP,.(«&*)l[')r'))- 
Since o is a trace on A, we can rewrite this as 

(4.12) 0(2/2^/1) = iV(s Vr)-^0(z,((l^^;,^,,(a6*)l[\,(l^',^,,(cci*)i::),O) 
On the other hand, by employing Definition 13.5( 1) we obtain 

if k{s A r) = m{s A r), and 0(y2l/i) = otherwise. 

Case 1. k{sAr) = m(s Ar) and n{sAr) = j{sAr). Then the equalities k-k' = m-m' 
and j ■ j' = n ■ n' rewrite as 

k{s A r) ■ k{s') ■ k' = m{s A r) ■ m{r') ■ m! and 
j{s A r) ■ j(s') ■ ] = n{s A r) ■ n{r') ■ n' , 

and so by uniqueness of decomposition in {0, . . . , A^^Ar ~ 1} x {0, . . . , A^sv — 1} imply 
that 

xxis' y {k{s'), k') = mr',s'(m(r'), m') and 
^s',r'{j{s'),j') = m-r', s'{n{r'),n). 
For the same reason, k ■ I = m ■ g and j ■ h = n ■ i imply that 

^s',r'{k{s')J) = mr'y{m{r'), g) and 
ms',r'ijis'),h) = mr',s'in{r'),i) 

Since s' Ar' = e, the assumption that xns'y respects co-prime pairs implies that 

(4.13) k' = I, m' = g, j' = h, and n' = i. 

Hence, by (14. 9 p and (14.121) . the expressions for (p{yiy2) and 0(^2^/1) become 

0(yiy2) = Ar(Wr)-^0(z,((l^<,^,,(a6*)lt.).'(i:;^^sKcrfin').')), 

and so estabhsh that 4>{yiy2) = (piyiyi) in this case. 

Case 2. m(s Ar) ^ k{s Ar). In this case we already saw that 0(y2l/i) = 0. However, 

is{tl)*ir{tln) = *sKlfc(so)*^e((lfc(l5Ar)5 lm(sAr)))^»-'(lm(r')) 
= ^A:(sAr),m(sAr)^s'(lfc(s'))*V'(lm(r')) = O5 

by Definition 13.5( 3). Hence yiy2 = and (p has the trace property. 

Case 3. j{s Ar) ^ n{s A r). Similarly to case 2, we have 0(?/i?/2) = by previous 
consideration, and 1/2Z/1 = by Definition 13.5( 3). so again 0(?/i?/2) = 0(l/2Z/i)- 

Case 3. Finally, if m{sAr) 7^ k{sAr) and j(sAr) 7^ 72(5 Ar) then yiy2 = = 1/2I/1. □ 
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Note that if o ig is injective, then (14. 9p and (14. lip show that the product system X 
must satisfy the condition 

(4.14) (F^'^(l^ ®A ^.(a)0, F'^^^ill ®A Vvmi))p, = {¥>,{a)ll, Mbni)p 
for all a,b & A, all p,q E P such that p A q = e and all j,k = 0, . . . , Np — 1, 171,11 = 

4.2. Ground states and KMS/3 states of J\fT{X) induced from states of A. We 

begin this section by recalling the construction of the induced representation via a right 
Hilbert module. We refer to [20] for details. Let F be a right Hilbert A-module and 
assume that if : B ^ ^{Y) is a *-homomorphism. Suppose that n : A ^ B{Ht^) is a 
representation. The balanced tensor product space Y ®a Htt is a Hilbert space where 
the inner-product is characterised by 

®A h,r]^A k) = {n({r],0)h \ k) 

for ^, ?7 G F and h,k E H^^. The induced representation IndTr of 5 on F ®a H^^ acts by 

(4.15) Ind7r(6)(e ®a h) = {ip{b)0 ®a h. 

We apply this construction to the Fock module F{X) associated to a product system X 
over P of right Hilbert A-A-bimodules, see section 12.31 For compactly aligned X, the 
Fock representation / of X in C{F{X)) gives rise to a *-homomorphism l^, : N'T{X) — > 
C{F{X)). 

Remark 4.8. Since the left action has image in /C(Xs) for every s E P, [8, Theorem 6.3] 
says that AfT{X) is isomorphic to a certain crossed-product Bp x^-x P (the proof there 
uses that every Xg is essential, but applies in our setting due to Definition 13.5( 1)). Then 
the remark following |8l Definition 7.1] indicates that Bp ><ir,x P, which is a universal 
crossed product for an action of P on i?p twisted by X, is isomorphic to the associated 
reduced crossed product. We infer from this that is faithful. 

Given a state r on A, let (tt,-, hr, Hr) be the corresponding GNS-representation. De- 
note 1 = le © ©s^e^s i^ -^(^)- Consider the representation 

IndTT, : J\fr{X) B{F{X) ®a Hr)), 

and let ujr{y) = (Ind tt,- (?/)(! hr),l hr) be the state of AfT{X) arising from this 
representation. We claim that 



(4.16) Ur{y) 




unless s = r 
if s = r = e 



iory = ieia)isiti)iritl,)*ieib)* eAfTiX). By (glS]) we have cu,(2/) = ((/,(7/)l)®/i,, 1® 
hr). The characterization of /* shows that lr{(pr{b)l^)*l = Or unless r = e, which in 
turn implies h{y)l = when r 7^ e. Assuming r = e, we see next that l^,{y)l, as an 
element in F{X), has a non-zero coordinate only at s, where it equals ps{b*){{ps{a)ll). 
To compute further in Uriv), note that the characterization of the inner-product on 
F{X) Hr involves computing the inner-product in F{X) given by {l,l^{y)l). By 
the definition of the inner-product on F{X) it follows that a non-zero contribution in 
(l,/*(y)l) is only possible at s = e, where it equals {le,ie{(ib*)le)e- In other words, we 
have established that r 7^ e or s 7^ e imply Cbr{y) = 0, while for s = r = e we obtain 
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0Jr{y) = [7ir{le,ie{cLb*)le)hr, hr), which Hieans ^^(y) = T^ab*), as required in (I4.16p . 
Thus, in connection with Theorem 13 ■4[ we have the following result. 

Proposition 4.9. For each state r of A, the induced state Ur is a ground state of 
MT'{X). Moreover, the assignment r ^ Ur is an affine isomorphism. 

Next we investigate if a similar construction can induce KMS^ states of MT{X). For 
each s E let 1* be the vector in F{X) with component equal to 1^ at s and 0.^ 
for r ^ s. Note that = /^(Ipl = i| for every s E P. We introduce next a 

condition which is modeled on the reconstruction formula from [T^, §10]. Suppose /3 > 
is such that the series 

(4.17) C7v(/3):=$^iV(.)-/^iV, 

sGP 

is convergent and suppose is a KMS/3 state of N'T{X). We say satisfies the recon- 
struction formula provided that 

. Ns-l 

for all y E J^. 

Theorem 4.10. Let {G, P) be lattice ordered and let X be an associative product system 
of finite type over P such that ms^r o'^e bijective and preserve co-prime pairs, for all 
s,r E P. Assume that the series in f l4.17p is convergent in an interval {f3c, 00) for some 
/3c >0. 

Let P > Pc- Then for t a trace of A there is a state Ur '■ ^ C given by 

(4.19) ur{y)= 7^E^(<^-^^(<^'%)))l^^^-^^((^'l.V)))l^^))' 

{seP:r<s} ^^^^^ j=0 

for y = i^^\0^^ri) G Br, where for each j in the summation we denote j' = j{r~^s). 
Further, the assignment t ^-^ Ur o is an affine homeomorphism of the tracial states 
of A onto a subset of KMSp states of N'T{X). 

If every KMSp state satisfies the reconstruction formula (14.18p . then the assignment 
r I— 7- cJt- o is surjective. 

To argue that f l4.19p defines a state of J-' for every trace r of A, we define alternatively 
a map Ur on J-" by 

, Ns-l 

(4.20) a;,(^) = ^^ViV(s)-^ V(Ind7r.(y)(/,(ipi®M, (/.(l^l ® M) 

for y E Br, r E P. As in the proof of [Til Theorem 20], Ur is an absolutely convergent 
infinite linear combination of vector states in IndTr,-, so it is absolutely continuous with 
respect to Ur- Since the vectors {/*(2s(lj))l ® /iT-j^gp form a generating set for Indvr^, 
also Ur is absolutely continuous with respect to Ur- 
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By definition of the Fock representation, l^,{y)lj = when r s. Assume therefore 
s G rP. Since /^(Ipl = 1^, the summand in s and j in the right-hand side of (14.201) is 

(Ind7r,(|/)(/,(lpl ® K), {ls{tj)t) ® K) = {lndTT,{y){rj ® K), Vj ® K) 

= {n,{m,h{y)^)F(x))K I K) 

At this stage we put j' = j{r^^s), so that j is given uniquely by tTir,j.-is (j(r),j') = j, 
we decompose Ij = F^'^ ^''(l^j-.^-j ® 1^, ^'^), and we use the properties of the balanced 
inner-product on X,. ®a X^-i^ to write further 

(IndTiriyMlj)! ® /i,), (/(1,^)1) ® /i.) 

The last term is the summand under s and j in (I4.19p . The functional Ur is a state 
because 



seP ^ ^ ' j=o 
seP 

To prove Theorem 14.101 we will employ Theorem 14.61 to show that Ur given by (I4.19p is 
a trace of J-". In the next lemmas we verify that the assumptions of Theorem 14.61 are 
fulfilled by Ur- 

Lemma 4.11. The map given by (14.191) is a trace on = ie{A) whenever t is a 
trace on A. 

Proof. Assume r is a trace on A. Let c,d & A. Then (I4.19P implies 

(4.21) uA^e{a)) = —— ^ N{s)-^ ^ r((i;, ^,{a)l^)) 

for each a G A. Thus to prove that ijJr{ie{cd)) = Ur{ie{dc)) it suffices to show that 

(4.22) Yl r{{r,,Vsicd)l-^)) = Yl ri{l^,,^sidc)f^)) 

j=0 j=0 

for c,d & A. Using Definition 13.5( 2) we can write, for every j,n = 0, . . . , Ns — 1, 

Ns-l Ns-l 

Vs{d)lj = Y Psidn,j)K and ifs{c)K = Yl PsiCm,n)K- 

n=0 m=0 
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Then the left-hand side of fl4.22p can be written as follows 



Ns-l Ns-1 

j=0 j=0 n=0 

j=0 n=0 m=0 

Ns-1 Ns-1 

= 'T{cj,ndn,j) by Definition 13.5( 3) 

j=Q n=0 

Ns-1 Ns-1 

(4.23) = E^ 5^ 'T{dn,jCj,n) since r is a trace. 

j=Q n=0 



Similarly, the right-hand side of fl4.22p is 

A^.-l Ns-1 Ns-1 

E T{{i].vs{dc)r;)) = E ri{rpMd)iJ2psicm,)rj)) 

j=0 j=0 m=0 

Ns-1 Ns-1 Ns-1 

= E ^((1.^' E E Ps{dn,mC^,)K))) 
j=0 m=0 n=0 

Ns-1 Ns-1 

(4.24) = E E ^(dj,mCmj) by Definition [331(3); 

j=0 m=0 

thus (14.23P and (14.240 show that Ur is a trace on ie{A). 



□ 



Lemma 4.12. The state Ur given by f l4.19p satisfies (14. 6p . 

Proof. Let a G A and n, m G {0, . . . , A^,. — 1}. When we compute a;T-(ir(lJ^)ze(a)z.r(lJ!„)*) 
using fl4.19p . we have ^ = and r/ = pr{a*)V^, so in the summation over j = 0, . . . , Ng — 
1 for every s > r the terms l^j-^^) give zero contribution unless j{r) = n, that is 
unless j = n ■ j' for j' = 0, . . . , N^-is — 1. Thus the summation over j is simply a 
summation over j'. Moreover, since (pr(a*)lj„, = a{ll^,V^), we also get a zero 
contribution unless n = m. In other words, the left-hand side of (14.60 is 



A'' 1 

/ \ 1^ T — S 1 

(4.25) uA^riKMa)^rirJ*) = 6^,^ E TJrV r{{lf%^,.-.,{a)lf^)). 

{s&P:r<s} j'=0 
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Now by applying f l4.2ip we can rewrite the right-hand side of (14. 6p as follows 

Ar,._i^-l 

comparing this last term with f l4.25p proves the claimed scaling identity. □ 



Proof of Theorem 4-10 We verified most of the claims. For every (3 > (3c, the assignment 
r I— i- o is continuous between compact Hausdorff spaces and has an injective inverse 
by Lemma [4.1[ It also respects convex linear combinations and weak*-limits. If r is a 
tracial state of A, then Ur is a trace on J-" by Theorem 14. 6[ which applies due to the 
previous two lemmas. Hence Ur o is a KMS/j state. 

Conversely, suppose is a KMS^ state. Then the restriction 0o to J-" is a trace 
satisfying (14. 6p . Let r = 0ok(A)- We need to show that Ur = 4>. Let y = ir{0'^r{v)* ^ 
for some r E P. By (14. 7p we have 

= Yl ^e((l,^l^(.)).)v(l[(V))v(li.0)*^e((e,l[w)r)* 
1=0 

and 

triv)Xil-) = E ^e((r],l[(.)).)v(l^t'))v(l[('.'))*^e((l-,l?(.)).)*. 

Hence, with T := 1[(^^)*(?7, we have 

^.(ij)Vs(i •) = Y E v(i[(;o)^e((i?(V)'¥'^'(T)ir(;)))v(i[(;o)*- 

i=0 1=0 

Now we apply and use (I4.18p . It follows that 

^ Ns-l NsVr-l 

We note that i(s) = j = l{s) and i{r') = l{r') imply that i = i{s) ■ i{r') = l{s) ■ l{r') = I, 
so the double sum over i and / collapses to a single sum. In particular we have i{r) = l{r) 
and i{s') = l{s'). But letting s run over elements in P is the same as letting q := sM r 
run over elements in P such that r < q, and in this case s' is replaced by r^^q and r' 
by s~^q. Then by performing the change of summation index s V r h-j- g implies that 
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N[s)~'^N{r')~^ gets replaced by N{q)~'^. This now gives 

for /i = /i(r) ■ /;,', which is the same as Wr(z/) given by (I4.19p . 

This finishes the proof of surjectivity of the map r i— )■ o;^. □ 

Proposition 4.13. Suppose that A contains a proper isometry a. Let X be a compactly 
aligned product system of finite type over P of right-Hilbert A-A-bimodules such that 
m.s,r is bijective for all s,r G P. Let N be a homomorphism G — ?■ (0, oo) such that 
N{s) = Ns for all s e P. Then there are no KMSp states of {AfT{X), ctn) for (3 <1. 

Proof. Suppose is a state of MT{X) which satisfies the KMS/3 condition for some 
> 0. Then 

ct>{is{Vs{a)tps{^,{a)liy) = N{s)-f'(t>{is{tiyie{a*a)i,{r^) = (5,, ,iV(s)-^. 
Since ^ ^s(v^s(o.)lp^s(v's(a)lp* is a projection, we have 

Ns-l Ns-l 
j=0 j=0 

which is Ng^'^ . Then necessarily /3 > 1. □ 

Remark 4.14. We note that for a fixed tracial state r of A, there is a KMSqo state Uoo 
of AfT{X) obtained, for /3 — )■ cxd in fl4.19p . as the weak*-limit of the KMS^ states u^-- 



5. Structure of the core J" 

In this section we identify an action of P by endomorphisms of the core J-" and a 
commutative C*-subalgebra A of J-". 

Proposition 5.1. Let {G,P) be lattice ordered and X a product system over P of finite 
type such that the maps ms^r o'^e bijective for all s,r E P. The assignment 

(5.1) asiv) = J2 ^sm)y^smr 

j=0 

for s E P and y E T defines an action a of P by infective endomorphisms of 

Proof. Clearly : J-" — t- J-" is well-defined, and as{yi)as{y2) = tts(l/il/2) for all s G P and 
1/1, Z/2 G follows by Definition 13.51 (3). If as{y) = then = is(lo)*as(l/)^s(lo) = 1/, so 
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each as is injective. Let s,q E P. Then 

Ns-l Nq-l 

3=0 1=0 
k=0 

which proves that a is an action of P by endomorphisms of J-". □ 

We note that in [lOj similar constructions in the case of a single Hilbert bimodule 
and at the level of relative Cuntz-Pimsner algebras (modeling Exel crossed products) 
are obtained. 

Corollary 5.2. The maps al : — > Bg given by := a^-ig for r < q give rise to a 
direct limit lim ^^{Br, a'^)r<q with injective homomorphisms. The canonical embeddings 
a'" of Br into Ih^^^p -Br give rise to an increasing union such that 



7= \]a^{Br). 

reP 

Proof. Definition 13.5( 2) implies that as{Br) C Brs for all r,s & P, so the maps are 
well-defined from B^ to Bg for all r < q. The fact that a is an action of P implies that 
= o when r < g < s, so the maps are compatible and give therefore rise to a 
direct system, as claimed. The inclusion maps Br ^ for r ^ P are compatible with 
the bonding maps a^., and combine to give an injective homomorphism from lim ^pBr 
into J-", which is also surjective. □ 

Proposition 5.3. Let a,(l) = E^o ^ for every seP. Then a,(l)a^(l) = 

ttsvr(l) for all s,r E P. In particular, A := span {a;,.(l) : r G P} is a commutative C*- 
subalgebra of J^. 

Proof Let a,(l) = Ef=o' ^^jW^j)* and a,(l) = E£o"' v(ir)v(l[)* for s,r E P. 
By f l4.7p . is{tj)*ir{^i) is a sum of terms indexed over i = 0, . . . , A^svr ~ 1 where non-zero 
terms occur when i{s) = j and i{r) = I simultaneously. Thus 

Ns-l Nr-1 

a.(i)a.(i) = E E ^svriiZ'^Mrzr, 

j=0 1=0 

where for every / and j the elements I' = 0, . . . , A^r-i(svr) ~ 1 and / = 0, . . . , A^s-i(svr) — 1 
are such that /' ■ / = j ■ j' in {0, . . . , A^^vr — !}• Therefore as{l)ar{l) — ttsvr(l)) as 
claimed. □ 



Remark 5.4. Note that any KMS^ state Ur given by fl4.19p at (3 > (3^ satisfies 

(5.2) UritrmtriK 



an 



if m 7^ n 

N{r)~^ a n = m. 
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Hence uJr{ar{^)) = NrN{r)~^ for all r. If N{r) = for all r E P, this condition is 
a;T-(ar(l)) = N{rY~^ . Also, the restriction of Ur to A is independent of r. One can 
therefore ask whether certain KMS/3 states can be constructed by other methods, and 
possibly for a larger range of /3's, by starting from states of A. It is known that a 
KMS^ state at every (3 >1 exists in the case of the product system from example I3.6[ 
as shown by Laca and Raeburn, see [HI Proposition 9.1]. This state is supported on a 
commutative C*-subalgebra of J-", and we conjecture that similar considerations could 
work more generally. 

One would like to apply Theorem 4.1] to the system (J-" xi^ P, a), where the 
dynamics a is trivial on the image of J-" in J-" xIq,P and scales the implementing isometrics 
Vs G TxiaP by N{sy^ for s G P. Then for every /3 G M, KMS^ states on J^x^P would be 
determined by tracial states r on J-" which satisfy the scaling condition r oa^ = N{s)~'^t 
for every s G P. Note that for a tracial state r on J-" to satisfy the scaling condition 
we must have r(a;s(l)) := A^(s)~^ for every s G P. However, this last equality does 
not match uJr{asi^)) = NsN{s)~'^ , so states above Pc and states below Pc would live on 
different subalgebras. 
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